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Abstract
We obtain various explicit integer and polynomial sequences enumerating R-enriched multi-
graphs having k labeled edges (or arcs), k = 0; 1; 2; : : : . The vertices of the multigraphs are
unlabelled. Here, R denotes an arbitrary species of combinatorial structures used to ‘enrich’ the
multigraphs by endowing the set of edges (or arcs) joining any pair (or ordered pair) of vertices
with an R-structure. Examples include ordinary multigraphs, simple graphs, digraphs, cyclically
or linearly enriched multigraphs, according to the choice of the enriching species R. We obtain
explicit formulas and recursive schemes for these enumerations for an arbitrary species R. The
case of colored edges, arcs or loops is also analyzed. We conclude with a few tables made up
using computer algebra. c© 2000 Elsevier Science B.V. All rights reserved.
Resume
Nous obtenons de maniere explicite diverses suites d’entiers et de polyno^mes denombrant les
multigraphes R-enrichis ayant k are^tes (ou arcs) etiquete(e)s, k = 0; 1; 2; : : : . Les sommets des
multigraphes sont non etiquetes. Ici, R designe une espece de structures combinatoires quelconque
qui ‘enrichit’ les multigraphes en munissant d’une R-structure l’ensemble des are^tes (ou arcs)
joignant chaque paire (ou couple) de sommets. Selon le choix de l’espece enrichissante R, on
obtient par exemple les multigraphes ordinaires, les graphes simples, les graphes orientes, les
graphes cycliquement ou lineairement enrichis. Nous obtenons des formules explicites et schemas
recursifs eectuant ces denombrements pour une espece R quelconque. Le cas des are^tes, arcs
ou boucles colores est aussi analyse. Nous terminons par quelques tables construites a l’aide du
calcul formel informatise. c© 2000 Elsevier Science B.V. All rights reserved.
1. Introduction
A multigraph on a set V of vertices and a set W of edges can be dened as a function
 :W !}[2][V ], where }[2][V ] denotes the set of (unordered) pairs of distinct elements
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Fig. 1. An enriched multigraph.
of V . Given any pair fv1; v2g2}[2][V ], the (possibly empty) ber, −1(fv1; v2g), is
interpreted as the set of edges joining vertices v1 and v2. Let now R be a species of
combinatorial structures 1 and assume, for simplicity, that there is only one R-structure
on the empty set. Recall [6{11,1] that a function is said to be R-enriched if each one
of its bers is equiped with an R-structure. This gives rise to the following denition.
Denition 1.1. An R-enriched multigraph on a set V of vertices and a set W of edges
is an R-enriched function  :W !}[2][V ]. In other words, for each pair fv1; v2g of
vertices in V , an R-structure has been put on the set of edges joining v1 and v2.
Fig. 1 shows an R-enriched multigraph on the set V = fa; b; c; d; e; f; gg of vertices
and the set W = f; ; ; ; ; ; ; g of edges. The R-structure that has been put on
each ber is represented by a dotted line ‘across the ber’. For simplicity of drawing,
no dotted line has been drawn when a ber is empty (e.g., −1(fa; cg) =?). This
is coherent with the assumption that there is only one R-structure on the empty set.
Note that loops are not allowed here but isolated vertices are (for example, vertex d
is isolated).
There is an innite variety of R-enriched multigraphs, according to the choice of
the species R. Here are some concrete examples. When R = L (the species of linear
orders), the set of edges joining any pair of vertices is totally ordered. This can be
interpreted as ‘levels of priority’ that has been assumed between the edges joining any
two given vertices. When R = C + 1 (the species of oriented cycles, including the
‘empty cycle’), the edges joining each pair of vertices are cyclically structured. The
case R=E (the species of sets), corresponds to ordinary multigraphs, while R=X +1
(the species of singletons and the empty set) corresponds to simple graphs (at most
one edge between any two vertices, no loops). In the degenerate case R=1 (the empty
set species), an R-enriched multigraph is simply a set of vertices (no edges).
Given two R-enriched multigraphs  :W !}[2][V ] and 0 :W 0!P[2][V 0], an iso-
morphism,  :! 0, is dened in the obvious way: it is an ordered pair,  = (; ),
1 The two main references about the general theory of species are [6,1]. For brief introductions (in English)
the reader is referred to [3,9,10].
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Fig. 2. Unlabelling edges or vertices.
of bijections  :V !V 0; :W !W 0, such that the following diagram:
W
−−−−−! }[2][V ]

?????y
?????y }[2][]
W 0 −−−−−!
0
}[2][V 0]
(1.1)
commutes and induces isomorphisms or R-structure by restricting  to each -ber and
its corresponding 0-ber. We can unlabel R-enriched multigraphs in the usual way,
simply by taking isomorphism classes (also called isomorphism types) of enriched
multigraphs. Partial unlabelling also exist (see Fig. 2): to unlabel only the edges, take
equivalence classes relative to isomorphisms of the form =(id; ) and to unlabel only
the vertices, take equivalence classes relative to isomorphisms of the form = (; id).
Let x and y be formal variables and dene the weight of an R-enriched multigraph
with unlabelled vertices to be the monomial x# of unlabelled vertices and the weight of an
R-enriched multigraph with unlabelled edges to be the monomial y# of unlabelled edges. For
example, the left- and right-enriched multigraphs in Fig. 2 have weights y8 and x7.
Thus, x acts a vertex-counter and y acts as an edge-counter. This leads to the
following three (weighted) species of structures, depending on the enriching species, R:
(1) the species, M (X; Y ), of R-enriched multigraphs on two sorts or elements: the
sort X , of vertices and the sort Y , of edges;
(2) the weighted species, Mx(Y ), of R-enriched multigraphs with unlabelled vertices,
weighted by a vertex-counter x, on one sort of elements: the sort Y , of edges;
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(3) the species, My(X ), of R-enriched multigraphs with unlabelled edges, weighted
by an edge-country y, on one sort of elements: the sort X , of vertices.
Using notations from the theory of species [1] we can write
Mx(Y ) = TX ; xM (X; Y ); My(X ) = TY ;yM (X; Y ); (1.2)
where the operator TZ ; z applied to a species of structures F(X; Y; Z; T; : : :) has the eect
of replacing the elements of sort Z in the F-structures by corresponding unlabelled
elements of weight z. This means that the species TZ ; z F(X; Y; Z; T; : : :) depends only
on sorts X; Y; T; : : : .
The simplest series that are associated with the above species are of exponential type
and are dened as follows:
M (x; y) =
X
n; k>0
mn; k
xnyk
n!k!
; Mx(y) =
X
k>0
wk(x)
yk
k!
;
My(x) =
X
n>0
vn(y)
xn
n!
; (1.3)
where mn; k is the number of R-enriched multigraphs on n labelled vertices and k
labelled edges, wk(x) is the total weight (according to the vertex-counter x) of all
R-enriched multigraphs with unlabelled vertices, on k labelled edges, and vn(y) is
the total weight (according to the edge-counter y) of all R-enriched multigraphs with
unlabelled edges, on n labelled vertices.
The computation of the numbers mn; k and the total weights vn(y) are very easy
(and well known in the case of ordinary multigraphs or graphs) since, given n labelled
vertices, the
( n
2

sets of (labelled or unlabelled) edges joining pairs of vertices can be
equiped with R-structures in a totally independent manner (look at the top and left
enriched multigraphs in Fig. 2). This immediately gives
M (x; y) =
X
n>0
R(y)(
n
2 ) x
n
n!
(hence; mn; k = k![yk ]R(y)(
n
2 ) and vn(y) = ~R(y)(
n
2 )): (1.4)
In (1.4), R(y) and ~R(y), respectively, denote the exponential generating series and the
type generating series of the species R(y) dened by
R(y) =
X
k>0
rk
yk
k!
; ~R(y) =
X
k>0
~rkyk ; (1.5)
where rk (resp., ~rk) denotes the number of R-structures on k labelled (resp., unlabelled)
elements.
In contrast, the computation of wk(x) turns out to be very intricate. In Section 2, we
make use of suitable dierential operators and the sequence of polynomials of binomial
type, (rk(t))k>0, associated to R, to obtain explicit and recursive expressions for wk(x),
k = 0; 1; : : : . We conclude, in Section 3, with some numerical illustrative tables made
up with Maple [2].
For completeness, we recall the following denition.
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Denition 1.2 (Rota et al. [14], Labelle [7]). A sequence of polynomials, (rk(t))k>0,
is of binomial type if r0(t) = 1 and, for every k>0, we have deg rk(t)6k and the
following binomial identity:
rk(s+ t) =
kX
i=0

k
i

ri(s)rk−i(t): (1.6)
A sequence of polynomials of binomial type, (rk(t))k>0, is said to be associated to the
species R (such that R(0) = 1) if
(R(y))t =
 X
k>0
rk
yk
k!
!t
=
X
k>0
rk(t)
yk
k!
: (1.7)
2. Total weight given k edges, loops or arcs
Before stating our results concerning the total weight wk(x), let us generalize slightly
the concept of enriched multigraph so as to allow loops or arcs (directed edges),
thereby including, for example, a notion of enriched directed multigraph. Loops, edges,
and arcs will be called links, for short. To do such a generalization, we simply replace
the set }[2][V ], in Denition 1.1, by an appropriate set, 
[V ], depending on the kinds
of links that are allowed (or forbidden). Four main cases will be considered:
case 1: take 
[V ] =}[2][V ], to deal, as before, with enriched multigraphs (without
loops);
case 2: take 
[V ] = V [}[2][V ], to allow loops in enriched multigraphs;
case 3: take 
[V ]=VV , to deal with enriched directed multigraphs (loops allowed);
case 4: take 
[V ]=VV ndiag (V ), to forbid loops in enriched directed multigraphs.
Note that, in each case, 
 can be interpreted (up to a natural equivalence) as a
species 
 = 
(X ), on the sort X of vertices, having the following form:

 =   E; (2.1)
where E is the species of sets and  is a suitably chosen species whose structures live
only on sets having no more than two elements. Indeed, denoting by X the species of
singletons and by E2 the species of 2-point sets, the following holds (according to the
case at hand):
case 1: = E2; case 2: = X + E2;
case 3: = X + X 2; case 4: = X 2:
(2.2)
One can also consider colored links by taking a general species  of the form
= X + X 2 + E2; (2.3)
thereby allowing  colors for loops,  colors for (non degenerate) arcs and  colors
for edges. The above discussion is summarized by the following formal denition:
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Fig. 3.
Denition 2.1. Let  be any species whose structures live on sets of at most two
elements and R be a species such that R(0) = 1. An R-enriched multigraph with links
of kind  (or a (R;)-multigraph, for short), on a set V of vertices and a set W
of links, is an R-enriched function  :W !
[V ], where 
 is the species dened by

 =   E.
If, for example, R(Y )=1+Y and (X )=E2(X ), then a (R;)-multigraph is a simple
graph whose edges are colored from a set of  colors (see [13] for a similar situation).
The class of all (R;)-multigraphs also forms a combinatorial species (depending on R
and ) that we will still denote by M (X; Y ), as in Section 1 above. Partial unlabellings
give rise to weighted species, Mx(Y ) and My(X ), that are dened by (1.2).
We now study the total weight, wk(x), (according to the vertex-counter x) of all
vertex-unlabelled (R;)-multigraphs on a set of k labelled links. The basic combi-
natorial idea underlying our analysis is contained in Lemma 2.2 below. In fact, this
lemma is stated (in the case =E2) as Exercise 2:4:17, Chapter 2 of [1]. It essentially
describes a natural relation between the following operations on multigraphs:
(i) the operation, denoted by @=@Y , corresponding to the addition of an extra link,
(ii) the operation, denoted by hhX@=@X ii, corresponding to superimposing a -
structure on the set of vertices, (see (2.11)).
The idea of adding, removing or pointing edges, arcs or vertices is not new in
graphical enumeration (see, for example, [5,4,16]).
Lemma 2.2. The species; M (X; Y ); of (R;)-multigraphs satises the following com-
binatorial dierential equation (natural isomorphism):
R(Y )
@
@Y
M (X; Y ) = R0(Y )

X
@
@X

M (X; Y ): (2.4)
Proof. We shall consider only the case =E2 corresponding to R-enriched multigraphs
(only edges, no loops) and leave to the reader the analysis in the case of general .
Fig. 3 describes a natural bijective correspondence between R(Y )(@=@Y )M (X; Y )-
structures and R0(Y )hhX (@=@X )iiM (X; Y )-structures: simply interchange the ‘oating’
R(Y )-structure with the R(Y )-structure that contains the extra (dotted) edge, while keep-
ing track via -pointing (grey vertices) of the pair of vertices that were joined by the
extra edge. Note that the R(Y )-structure on the set that contains the extra edge is an
R0(Y )-structure on the same set, without the extra edge.
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Lemma 2.3. For each k>0; the total weight; wk(x); according to the vertex counter
x; of all (R;)-multigraphs with unlabelled vertices and k-labelled links is a rational
function
wk(x) =
wk (x)
1− x ; (2.5)
where wk (x); a polynomial in x of degree 62k; is the total weight of all
(R;)-multigraphs with unlabelled nonisolated vertices and k labelled links.
Proof. Let wk (x) be the total weight of all (R;)-multigraphs with unlabelled noniso-
lated vertices and k labelled links. For each integer i>0, the total weight of all (R;)-
multigraphs with unlabelled vertices and k labelled links, with exactly i isolated ver-
tices is then, obviously, xiwk (x). Formula (2.5) follows by summation over i, from
0 to innity. Since each of the k links can connect at most two vertices, wk (x) is a
polynomial in x of degree 62k.
Theorem 2.4. Let (X ) be a species of the form X + X 2 + E2; where ; ;  are
nonnegative integers and let (rk(t))k>0 be the polynomial sequence of binomial type
associated with the species R(Y ). Then the polynomial wk (x) giving the total weight
of all the (R;)-multigraphs with unlabelled nonisolated vertices and k labelled links
is given by
wk (x) =
2kX
n=0
<k
n
=xn; <k
n
== X
i+2j+p=n
rk(!i;j)
i!2jj!

cp
p!
− cp−1
(p− 1)!

; (2.6)
where !i; j=i+(2+ )
( i
2

+ j and cp is the number of permutations of [p] having
only cycles of length >3; (c−1 = 0). Moreover; the exponential generating series
of the polynomials wk (x) is given explicitly byX
k>0
wk (x)
yk
k!
= e−x+x
2(R(y)−1)=2X
i>0
R(y)i+(+1=2)i(i−1)
xi
i!
(2.7)
= ex
2(R(y)−1)=2R(y)a(x)+b(x)d=d x+c(x)d
2=d x21; (2.8)
where a(x); b(x); c(x) are the following polynomials in x:
a(x) = x + (+ 12 )x
2; b(x) = x + (2+ )x2; c(x) = (+ 12 )x
2: (2.9)
Proof. According to general well-known principles taken from the theory of species
or from Polya theory (see, for example [1,6,12] we can write
Mx(y) =
X
k>0
wk(x)yk=k! = ZM (x; x2; x3; : : : ; y; 0; 0; : : :); (2.10)
where ZM (x1; x2; x3; : : : ; y1; y2; y3; : : :) is the cycle index series of the species M (X; Y ).
This implies that the knowledge of the complete expression for the cycle index series
ZM is not necessary to compute the series Mx(y). Indeed, we shall show that the simple
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combinatorial Lemma 2.2 suces to do the task. First note that by denition of general
pointing (see [1], Exercise 2:4:16) we have


X
@
@X

M (X; Y ) = ((X )  E(X )  E(Y ))M (X; Y ); (2.11)
where  denotes the combinatorial cartesian product of species (also called Hadamard
or superposition product | not to be confused with the usual Cauchy product). This
implies that the combinatorial pointing operator  hhX (@=@X ) i i corresponds, in the
context of cycle index series, to the following second-order partial dierential operator:
D=

− − 1
2


x1
@
@x1
+

+
1
2


x1
@
@x1
2
+ x2
@
@x2
: (2.12)
Hence, taking the cycle index of (2.4) and making the substitutions y1 :=y; yi := 0
for i>2, we get the partial dierential equation
R(y)
@
@y
ZM (x1; x2; x3; : : : ; y; 0; 0; : : :) = R0(y)DZM (x1; x2; x3; : : : ; y; 0; 0; : : :) (2.13)
whose solution (via integration with respect to y) is given by
ZM (x1; x2; x3; : : : ; y; 0; 0; : : :) = e(log R(y))DZM (x1; x2; x3; : : : ; 0; 0; 0; : : :)
= R(y)Dex1+x2=2+x3=3+: (2.14)
The last equality being due to the fact that ZM (x1; x2; x3; : : : ; 0; 0; 0; : : :) = ZE(x1; x2;
x3; : : :); since a (R;)-multigraph having no links is simply a set of isolated ver-
tices. Taking into account (2.10), the substitutions xi := xi; i>1, then gives the explicit
formulaX
k>0
wk(x)
yk
k!
= R(y)Dex1+x2=2+x3=3+

xi := xi ; i>1
=
X
v1 ;v2 ;v3 ;:::
R(y)!v1 ;v2
xv1+2v2+3v3+
1v1v1!2v2v2!3v3v3!    ; (2.15)
from which (2.6) follows by making use of Lemma 2.3 and the formulas
(R(y))! =
X
k>0
yk
k!
rk(!);
cp
p!
=
X
P
i>3
ivi=p
1
3v3v3!4v4v4!    : (2.16)
In order to prove formula (2.7), we rst rewrite (2.15) asX
k>0
wk(x)
yk
k!
= ex2=2R
(y)e−x1e−x2=2

 X
i>0
R(y)i+(+=2)i(i−1)
xi1
i!
!
ex1ex2=2ex3=3   

xi := xi ; i>1
=
1
1− x e
x2(R(y)−1)=2e−x
X
i>0
R(y)i+(+=2)i(i−1)
xi
i!
(2.17)
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and use Lemma 2.3 again. To prove (2.8), we rewrite (2.7) in the form
X
k>0
wk (x)
yk
k!
= ex
2(R(y)−1)=2e−xR(y) x(d=d x)+(+=2)x(d=d x)(x(d=d x)−1)ex (2.18)
and make use of the fact that
e−xR(y) xd=d x+(+=2)x(d=d x)(x(d=d x)−1)ex = R(y)a(x)+b(x)(d=d x)+c(x)(d
2=d x2)1; (2.19)
which follows from the general identities
e−x

x
d
dx
v
exg(x) =

x + x
d
dx
v
g(x):
Corollary 2.5. The number of all (R;)-multigraphs with unlabelled nonisolated ver-
tices and k labelled links is given by
wk (1) =
X
i+2j+p=2k
rk(!i;j)
i!2jj!p!
cp: (2.20)
Proof. This follows from (2.6).
Corollary 2.6 (Recursive computational scheme). The polynomials wk (x); of degree
62k in x; giving the total weight of all (R;)-multigraphs with unlabelled nonisolated
vertices and k labelled links can be computed as follows. Dene (i)i>0 and (i(x))i>0
by
R(y)
R0(y)
=
X
i>0
i
yi
i!
; ex
2(R(y)−1)=2 =
X
i>0
i(x)
yi
i!
: (2.21)
Then;
wk (x) =
kX
i=0

k
i

i(x)hk−i(x); (2.22)
where h0(x) = 1 and; for k>0:
0hk+1(x) = a(x)hk(x) + b(x)h0k(x) + c(x)h
00
k (x)−
kX
i=1

k
i

ihk+1−i(x): (2.23)
Proof. This follows from (2.8).
We conclude this section with some general remarks concerning the species of
(R;)-multigraphs. By making use of the functorial composition of species [1], de-
noted by , it can be shown that the species M (X; Y ) of (R;)-multigraphs can be
written in the form
M (X; Y ) =  (E(Y ); (X )); (2.24)
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Table 1
Weight of (R; )-multigraphs with unlabelled nonisolated vertices and k labelled links (06k66)
Ordinary multigraphs: (R = E;  = E2)
1
x2
x2 + x3 + x4
x2 + 4x3 + 7x4 + 3x5 + x6
x2 + 13x3 + 46x4 + 47x5 + 25x6 + 6x7 + x8
x2 + 40x3 + 295x4 + 587x5 + 516x6 + 235x7 + 65x8 + 10x9 + x10
x2 + 121x3 + 1846x4 + 6715x5 + 9690x6 + 7053x7 + 3006x8 + 800x9 + 140x10 + 15x11 + x12
Simple graphs: (R = 1 + Y;  = E2)
1
x2
x3 + x4
x3 + 4x4 + 3x5 + x6
15x4 + 29x5 + 19x6 + 6x7 + x8
30x4 + 222x5 + 301x6 + 175x7 + 55x8 + 10x9 + x10
30x4 + 1230x5 + 3850x6 + 4038x7 + 2116x8 + 650x9 + 125x10 + 15x11 + x12
Digraphs with loops: (R = 1 + Y;  = X + X 2)
1
x + x2
6x2 + 6x3 + x4
12x2 + 72x3 + 62x4 + 15x5 + x6
12x2 + 492x3 + 1322x4 + 960x5 + 260x6 + 28x7 + x8
2520x3 + 19 320x4 + 32 550x5 + 20 202x6 + 5600x7 + 740x8 + 45x9 + x10
10 080x3+230 160x4+827 400x5+1 003 632x6+541 576x7+147 862x8+21 600x9+1690x10+66x11+x12
Cyclically enriched multigraphs |  colors for edges (R = 1 + C;  = E2)
1
x2
2x2 + 2x3 + 2x4
( + 3)x2 + 43x3 + 73x4 + 33x5 + 3x6
( + 42 + 4)x2 + (42 + 134)x3 + (42 + 464)x4 + 474x5 + 254x6 + 64x7 + 4x8
(8 + 52 + 103 + 5)x2 + (52 + 403 + 405)x3 + (52 + 703 + 2955)x4 + (303 + 5875)x5
+ (103 + 5165)x6 + 2355x7 + 655x8 + 105x9 + 5x10
(26 + 582 + 153 + 204 + 6)x2 + (582 + 603 + 2604 + 1216)x3 + (582 + 1053 + 9204
+18466)x4 + (453 + 9404 + 67156)x5 + (153 + 5004 + 96906)x6 + (1204 + 70536)x7
+ (204 + 30066)x8 + 8006x9 + 1406x10 + 156x11 + 6x12
where  = R(X; Y ) is the species of R-enriched functions and E is the species of
pointed sets. This implies (see, for example, [3] or [1], for similar computations in the
case of ordinary graphs or digraphs) that the full cycle index series ZM can be written
explicitly as
ZM (x1; x2; x3; : : : ; y1; y2; y3; : : :) =
X
n>0
1
n!
X
2Sn
1Y
k=1
ZR(yk ; y2k ; y3k ; : : :)!k ()x
k
k ;
(2.25)
where, for every permutation 2 Sn, of cyclic type 112233 :::; and every k>1;
!k() = !k(1; 2; 3; : : :) is the following polynomial of degree 62 in the variables
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Table 2
Number of (R; )-multigraphs with unlabelled nonisolated vertices and k labelled links
Case 1: edges no loops ( = 0;  = 0;  = 1). Case 2: edges and loops ( = 1;  = 0;  = 1).
Case 3: arcs and loops ( = 1;  = 1;  = 0). Case 4: arcs no loops ( = 0;  = 1;  = 0).
Ordinary multigraphs: R(Y ) = E(Y ); R(y) = exp(y)
Case 1 | 1, 1, 3, 16, 139, 1750, 29 388, 624 889, 16 255 738, 504 717 929, 18 353 177 160
Case 2 | 1, 2, 9, 66, 712, 10 457, 198 091, 4 659 138, 132 315 780, 4 441 561 814, 173 290 498 279
Case 3 | 1, 2, 15, 203, 4140, 115 975, 4 213 597, 190 899 322, 10 480 142 147, 682 076 806 159,
51 724 158 235 372
Case 4 | 1, 1, 7, 87, 1657, 43 833, 1 515 903, 65 766 991, 3 473 600 465, 218 310 229 201,
16 035 686 850 327
Ordinary graphs: R(Y ) = 1 + Y; R(y) = 1 + y
Case 1 | 1, 1, 2, 9, 70, 794, 12 055, 233 238, 5 556 725, 158 931 613, 5 350 854 707
Case 2 | 1, 2, 7, 43, 403, 5245, 89 132, 1 898 630, 49 209 846, 1 517 275 859, 54 669 946 851
Case 3 | 1, 2, 13, 162, 3075, 80 978, 2 784 067, 119 971 162, 6 289 972 169, 392 257 225 754,
28 582 571 639 293
Case 4 | 1, 1, 6, 68, 1206, 29 982, 981 476, 40 515 568, 2 044 492 988, 123 175 320 988,
8 697 475 219 688
L-enriched multigraphs: R(Y ) = L(Y ); R(y) = 1=(1− y)
Case 1 | 1, 1, 4, 27, 274, 3874, 71 995, 1 682 448, 47 840 813, 1 615 315 141, 63 566 760 077
Case 2 | 1, 2, 11, 97, 1219, 20 385, 433 022, 11 296 844, 352 866 598, 12 938 878 499, 548 257 129 281
Case 3 | 1, 2, 17, 252, 5535, 165 278, 6 355 147, 303 080 956, 17 440 307 953, 1 185 613 611 362,
93 640 428 880 873
Case 4 | 1, 1, 8, 110, 2262, 63 822, 2 335 856, 106 643 980, 5 901 564 892, 387 251 339 836,
29 612 207 398 688
Cyclically enriched multigraphs: R(Y ) = 1 + C(Y ); R(y) = 1− log(1− y)
Case 1 | 1, 1, 3, 17, 152, 1933, 32 608, 695 657, 18 148 533, 564 860 131, 20 581 455 139
Case 2 | 1, 2, 9, 68, 750, 11 178, 213 895, 5 068 102, 144 746 329, 4 880 572 564, 191 104 219 619
Case 3 | 1, 2, 15, 205, 4202, 118 096, 4 300 364, 195 155 304, 10 727 473 182, 698 874 420 944,
53 040 545 101 942
Case 4 | 1, 1, 7, 88, 1686, 44 746, 1 550 780, 67 381 560, 3 562 868 722, 224 113 484 498,
16 473 080 538 422
1; 2; : : : ; 2k :
!k() =

− −

1− 1
2
(k mod 2)



k +

+
1
2

 X
[i; j]=k
(i; j)ij + 2k ;
(2.26)
where [i; j] and (i; j), respectively denote the least common multiple and the greatest
common divisor of i and j. In particular, !1(i; j) is equal to !i;j of Theorem 2.4.
3. Some tables
Tables 1 and 2 have been computed using Corollary 2.6 (and Maple). Table 1
gives the rst few polynomials wk (x), representing the total weight of (R;)-multigraphs
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with unlabelled nonisolated vertices and k labelled links, for various specic choices
of R and : ordinary multigraphs (R=E; =E2), simple graphs (R=1+Y; =E2),
digraphs with loops (R=1+Y; =X +X 2); and cyclically enriched multigraphs with
edges colored from a set of  colors (R= 1 + C; = E2).
Recall that since x is a vertex counter, wk (1) = w

k (x)jx := 1, is the number of
(R; )-multigraphs with unlabelled nonisolated vertices and k labelled links. The se-
quences (wk (1))k>0 seem to be new, even in the simplest instances of R and  (see
Table 2). They have been added to the electronic database extension of the Sloane{
Ploue Encyclopedia of integer sequences [15].
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